In this paper we describe a lattice density functional theory for the rotator-herringbone phase transition in a liquid supported monolayer system of long chain acids or alcohols. It is assumed that both phases have long-range translational order and that the rotator phase is characterized by a uniform distribution of backbone orientation. We nd that orientational interactions among the backbone planes are su cient to drive a second order transition, and we characterize the phase of the system by a parameter associated with the width of the peaks in a distribution which describes the orientations of the backbones. We also brie y discuss generalizations of the theory to include lattice vibrations and distortions.
explained the multitude of high density condensed phases of a Langmuir monolayer of rod-like molecules using a mean-eld analysis of a Landau expansion of the free energy which includes an order parameter for collective tilt as well as two additional order parameters which describe one-dimensional weak crystallization of the orientations of the all trans Carbon backbones of the absorbed molecules. The stability criteria for the existence of an n-dimensional crystal require that, by virtue of the assumption of stable embedded weak one dimensional crystallization, the Kaganer-Loginov analysis assumes the monolayer to be three dimensional.
An alternative to the Landau theory of the phase transitions in amphiphile monolayers, namely density functional theory, exploits the functional relationships among the various distribution functions of the system. The advantage of the density functional approach lies in the fact that detailed knowledge of the external, inter and intra-chain potentials is not required as the in uence of the potentials is embedded in the singlet distribution function (1) 
(x).
Density functional theory relies on an expansion of the singlet distribution function in a new phase around the form of the singlet distribution function in a reference phase, and is expected to give accurate predictions of the properties of a system near a weak rst-order transition. Cai and Rice 5 have successfully applied density functional theory to the tilting transition in long-chain amphiphile monolayers, correctly predicting the direction, magnitude and the dependence on surface area per molecule of the collective tilting in the S L 2 phase transition. This paper presents a simple lattice density functional theory of the backbone ordering transition. We postulate a model potential for the steric interactions between the backbones of the elliptical cylinder-like molecules in a system where the center of mass of each cylinder is located at a lattice site of a two dimensional hexagonal crystal.
For simplicity, we will assume that the intra-chain and interface motions which occur at nonzero temperature allow a psuedo two dimensional hexagonal crystal to have long-ranged order and construct a lattice model for the orientational interactions of the backbones. As in the standard treatment of liquid crystal transitions 6 , the order parameter A s characterizing the phase of the system is related to the average of cos 2 over the e ective angular distribution. We nd, for the model system described, that as the temperature is decreased there is a second-order transition at T = T from the rotator phase (A s = 0) to the herringbone phase (A s 6 = 0).
We analyze the self-consistent equations for the order paramaters obtained in the density functional theory when the mean spherical closure approximation (MSA) and a Percus-Yevick-like (PY) closure assumption are used for the direct correlation function. Under the MSA the lattice density functional analysis reduces to a Maier-Saupe-like 6 analysis, while the PY-like assumption predicts a more rapid decrease in the width of the angular distribution function as the temperature is lowered in the vicinity of the transition temperature T . The predictions of both mean eld theories of the transition are in satisfactory agreement with the limited available experimental data, and it is not possible to determine from the available experimental evidence which closure approximation is more appropriate. Of course, mean eld theory will not describe the system behavior in the immediate vicinity of the transition, but there are no experimental data for that region currently available.
II. DENSITY FUNCTIONAL THEORY

A. General Formalism of Density Functional Theory
The basic approach of density functional theory is to treat equilibrium systems as special cases of non-uniform systems 11 . The inhomogeneous equilibrium state for a system in an external potential U(x N ), where x N represents the phase point of an N particle system, is determined variationally from the grand potential V = pV . The formulation of density functional theory is based on the idea that the singlet density distribution The equilibrium density distribution for a general system can be represented in the form In a transition between phases A and B the functional form of the equilibrium density distribution changes. At the phase transition point, both the fugacities and the pressures of phases A and B are equal (representing chemical and mechanical equilibrium, respectively), and hence the grand potentials V are equal. Equation (2.1) is a nonlinear self-consistent equation for the equilibrium density distribution which can be manipulated to obtain . In this region of the A isotherm, the x-ray scattering data are consistent with the assumption of true long-range (crystalline) order. Since the backbone plane in each molecule is fairly sti , we ignore torsions of the bonds and treat every molecule as a rigid body. We then assign an angle to its backbone plane, where is measured from an arbitrary xed axis which we set to be along theŷ direction in the xy plane. Intra-molecular and interfacial motions of the system allow for the possibility of true long-range order since the system is essentially three dimensional. For simplicity, we restrict the centers of mass of the rod-like molecules to the lattice sites of a two dimensional hexagonal crystal and construct a lattice theory for the orientational transition of the backbones.
The backbone planes interfere with one another when the area-per-molecule of the monolayer decreases and steric interactions prevent the backbones from rotating freely. The steric interactions can be minimized in the hexagonal crystal by slightly distorting the crystal along one of the rows of molecules so that two of the six nearest neighbors around each central molecule are separated by a distance slightly larger than the distance to the other four neighbors.
The r 2 = bŷ = aŷ and a is the lattice spacing of the system. In a crystal with hexagonal structure, = p 3. Note that from (2.12), in a hexagonal crystal the six nearest neighbors around each molecule are separated by the lattice spacing a since j j = a.
We assume that the singlet distribution function for phases A (herringbone phase) and B (rotator phase) are where R 1 is a lattice vector, is the special vector de ned in equation (2.11) and is the most probable orientation of the backbone plane with respect to the xedŷ axis from which the angle 1 is measured. The herringbone phase has the symmetry In solving the equations for the order parameters we shall assume that, since the phases have the same translational lattice structure, the external potential due to the interface is the same for both phases, i.e. U a (r; ) = U b (r; ). 
(R 2 ) + C(R 1 ; R 2 + ) has the trivial solution A = X, which corresponds to the rotator phase. The goal is to search for a nontrivial solution A 6 = X.
The only remaining aspect of the theory to be described is the calculation of the direct correlation function in the reference phase B. In equation (2.37), the dot notation means a sum over repeated labels for the coe cients in the Chebyshev series expansion. To solve equation (2.37), the Chebyshev series expansion must be truncated so that all the h and C are nite-rank square matrices. Inverting the OZ equation to solve for the C matrix involves inverting an N M dimensional square matrix, where N is the number of Chebyshev terms in the series expansions of the orientational distribution function and M is the number of lattice points retained in the sum over lattice sites. We generally expect that C(R 1 ; R 2 ) is a short-ranged function of the relative arguments R 1 R 2 , and hence M should be fairly small.
Clearly, as the number of lattice sites retained increases, the matrix operations become more cumbersome to carry out.
C. Mean-Spherical Closure Assumption
We evaluate the density functional theory using two simple closure assumptions for the Ornstein-Zernike equation.
We assume that the site-site interaction potential V can be written in terms of an isotropic part V 0 and an anisotropic part V a , V (r 1 ; r 2 ; 1 ; 2 ) = V 0 (r 1 ; r 2 ) + V a (r 1 ; r 2 ; 1 ; 2 ); give equivalent results in the MSA. It should be emphasized that the potential postulated here is designed to mimic steric interactions of the backbone planes of elliptical molecules in a closely packed crystal and does not include an anisotropic Van-der-Waals attractive potential which was originally thought to be responsible for the alignment of rod-like molecules in nematic liquid crystals 6;7 . Currently, it is believed that the anisotropic part of the attractive potential is relatively unimportant in the description of the nematic phase transition, and that the Onsager excluded volume e ects (covolume) dominate the e ective potential 9;10 . The potential presented here is intended to qualitatively account for the hard-core ellipsoid repulsive interactions in a system with relatively weak long-range Van-der-Waals interactions.
We break up the direct correlation function for the system into an isotropic part C 0 (r 1 ; r 2 ) and an anisotropic part C a (r 1 ; r 2 ; 1 ; 2 ) and use the so called \mean-spherical" closure approximation (MSA) for the direct correlation function in the high temperature rotator phase:
C a (r 1 ; r 2 ; 1 ; 2 ) = g (r 1 ; r 2 ; 1 ; 2 ) = 0 for jr 1 r 2 j < a ; (r 1 ; r 2 ; 1 ; 2 )
(1) (r 1 ; 1 ) (1)(r 2 ; 2 ) = (2) (r 1 ; r 2 ; 1 ; 2 ) (2.42) and (2) 0 (r 1 ; r 2 ) is the pair-correlation function for a system with the isotropic interaction potential V 0 . Since the anisotropic interaction potential V a is due to steric repulsions, we will assume that as jr 1 r 2 j vanishes C(r 1 ; r 2 ; 1 ; 2 ) approaches the isotropic direct correlation C 0 (r 1 ; r 2 ). Equation (2.41) has been shown to be a good closure approximation for the evaluation of the pair-correlation function at high temperatures for a system of linear molecules 13 , and has been tested recently and proven to be a good approximation for a solvable lattice gas model. 0 (r 1 ; r 2 ) 1 (h a (r 1 ; r 2 ; 1 ; 2 ) C(r 1 ; r 2 ; 1 ; 2 )) also reduces to the MSA for the lattice system where g We also nd that if fA 0 2n g is a solution of (2.34), then f( 1) n A 0 2n g is as well, which re ects the fact that only the relative orientation of the backbone planes is physically signi cant. In this PY-like closure scheme, the predicted form of the angular distribution function is not quite Gaussian in cos , and the width of the distribution is a more sensitive function of the reduced temperature T=T (see Fig. 6 ).
Using the Ornstein-Zernike equation, the full PY approximation scheme or any other closure assumption can be implemented, but it is di cult to determine which closure scheme is the most appropriate for the system without directly comparing the predicted heat capacity and width of the angular distribution function for each model at various reduced temperatures to reliable experimental data. Unfortunately, such detailed information is not available at present due to the di culty of carrying out very accurate x-ray di raction measurements of the monolayer system.
III. DISCUSSION AND CONCLUSIONS
We have presented a lattice mean eld theory for the backbone ordering transition observed in monolayers of longchain amphiphilic molecules. Our analysis is based upon a model two-body potential designed to account for the e ective hard-core repulsive and Van-der-Waals attractive interactions among the backbones of the molecules. An essential feature of the model potential is that the interactions among molecules within a hexagonal (or distorted where C is a constant determined by normalization. Noting that the singlet distribution function for a dilute gas system of hard rods is No explicit reference was made in our lattice theory to the actual lattice structure of the crystal other than the assumption that each molecule is surrounded by a rst shell of six other \nearest" neighbors. Thus the theory is valid for either hexagonal or slightly distorted hexagonal crystal structures provided the structure remains unchanged during the phase transition. Since a two-dimensional hexatic phase exhibits long range bond orientational order and spatial correlations extend over many molecules, we expect the lattice theory to capture the qualitative aspects of the backbone ordering transion even if the rotator phase does not have long range translational order. One of the appealing aspects of this density functional theory formalism is that it is relatively straightforward to generalize to include lattice vibrations and to allow orthorhombic distortions of the hexagonal lattice as well as density changes.
If the molecules vibrate harmonically around their lattice sites, the delta function distributions like (r R) that appear in the model should broaden into Gaussians with a width inversely proportional to the Debye-Waller factor.
Furthermore, the pair distribution function can be calculated analytically for the isotropic harmonic potential and the mean spherical approximation or some other closure assumption can be used to complete the analysis and establish self-consistent equations for the order parameters. It is probable that the inclusion of lattice vibrations and distortions will change the predicted ordering transition from second order to the experimentally inferred weakly rst order. X-ray di raction studies of monolayer systems suggest that the backbone ordering transition is accompanied by a deformation of the hexagonal lattice to a distorted hexagonal lattice structure 19 . In fact, the lattice deformation, which is measured by the ratio = b=a of the length of the sides b and a of the rectangular two-molecule unit-cell (see gure 1.), is considered to be the indication of the ordering transition. When = p 3 (hexagonal structure), the system is assumed to be in a \rotator-II" phase in which the chains which form the backbones of the molecules rotate about the chain axis. As the temperature is lowered at constant pressure, drops from the value in the hexagonal phase to a value of about = 1:5. There is experimental evidence We have examined the PY-like closure scheme because it is a simple way of incorporating orientational correlations.
Another possible way to include correlations and go beyond mean eld theory for a rigid lattice system consists of applying cluster variational methods 21 . This technique has been applied 22 to a monolayer system of N 2 molecules adsorbed on graphite interacting via a quadrupole-quadrupole potential for which there are computer simulations 23 . It was found that inclusion of some orientational correlation appreciatively improved the agreement between theory and computer simulation. Since we have no such data with which to compare our theory, it is not possible to determine whether the PY-like closure assumption improves the MSA results or not. However, since the physical system is three dimensional in nature, the uctuations are not strong enough to destroy the long range order present in the herringbone phase and the overall topology of the phase diagram predicted by both mean eld theories should remain intact. Away from the transition temperature the predictions of mean eld theory should be satisfactory. As the reduced temperature decreases, the distribution function narrows and becomes more peaked around =2, the preferred orientation. 
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